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Abstract
For a fixed positive integer p and surface Σ, there is a finite set D(p,Σ)
of “good” drawings of complete bipartite graphs Kp,r (with possible vary-
ing r) such that, for every good drawingD of Kp,q, there is a good drawing
D′ of Kp,q obtained from a drawing D
′′ of D(p,Σ) by duplicating vertices
of D′′ and such that cr(D′) ≤ cr(D). In particular, for large enough q,
some drawing of Kp,q with fewest crossings is obtained from a drawing of
D(p,Σ) by duplicating vertices. This extends a result of Christian et. al.
from the sphere to all surfaces.
1 Introduction
For a given positive integer p and a surface Σ, we are concerned with obtain-
ing optimal drawings (that is, drawings with the fewest possible number of
crossings) for the Kp,q family in Σ. For that, we want to use the duplication
operation (see below) akin to its use in Zarankiewicz’s drawings [Zar55], where
we can obtain drawings for every q starting with a planar Kp,2 and alternately
duplicating the two vertices of the part of size 2.
Let u and v be two vertices of a graph G with the same neighborhood of size
p. Let D be a drawing of G−v in a surface and let ∆ be a neighborhood of v in
D homeomorphic to a disk such that ∆ only intersects the edges of G incident
with v. We may duplicate u by drawing v in the interior of ∆ and drawing the
edges vw incident with v near uw in such way that only edges that cross uw
also cross vw. This may be done so that the edges incident with u and v cross
at most Z(p) =
⌊
p
2
⌋ ⌊
p−1
2
⌋
times in the interior of ∆[Woo93].
The vertex v is called a duplicate of u in D. Any drawing D′ obtained from
D by a sequence of duplications of vertices in D is called an extension of D. We
note that v will end with the same local rotation as u.
A drawing of a graph in a surface is good if: (i) no pair of edges cross more
than once; (ii) edges with a common incident vertex do not cross; and (iii) no
three edges have a common crossing point. A drawing of graph G in a surface
Σ is optimal if it has the least number of crossings over all possible drawings of
G in Σ. It is folklore that every graph has an optimal drawing that is good.
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We prove that, for each integer p ≥ 1 and each surface Σ, there exists a finite
set D(p,Σ) = {D1, ..., Dk}, where: for each i ∈ {1, .., k}, there is an integer ri
such that Di is a drawing of Kp,ri in Σ; and for each positive integer q, either
there is an i ∈ {1, 2, . . . , k} such that either Di is an optimal drawing of Kp,q,
or there exists an optimal drawing D of Kp,q that is an extension of Di. As an
example, if Zarankiewicz’s conjecture were true, for any p, a set composed of an
embedding of Kp,1 and Kp,2 would suffice for the sphere. The proof of existence
of this set is one of the main contributions of this article.
Theorem 1. Let p be a positive integer and let Σ be a surface. Then there
exists a finite set D(p,Σ) of drawings of bipartite complete graphs in Σ such
that, for every positive integer q, there is an optimal drawing of Kp,q that is
either in D(p,Σ) or an extension of a drawing in D(p,Σ).
We only prove finiteness of the set D(p,Σ). Our upper bound on |D(p, q)|
is surely not very accurate. This theorem is an extension to higher genus (ori-
entable and non-orientable) surfaces of a result of Christian, Richter, and Salazar
[CRS13] for the plane/sphere.
We denote the q-side and p-side of Kp,q to be the parts of Kp,q of size q and
p, respectively. As an intermediate step for the proof of Theorem 1, we bound
q as a function of Σ and p, as expressed in the next theorem.
For a pair of vertices u and v of G, let crD(u, v) denote the number of
crossings between the edges incident with u and v in a drawing D.
Theorem 2. Let D be a good drawing of Kp,q in a surface Σ such that, for any
two vertices v and w of the q-side, crD(v, w) < Z(p). Then, q is bounded by a
function of Σ and p.
In Section 2, we provide a summary of notation and prior results that we
use in this work. Sections 3 and 4 provide the proofs of Theorems 2 and 1,
respectively.
2 Preliminaries
By surface we mean a connected, compact 2-manifold (that is a connected, com-
pact Hausdorff space in which every point has a neighborhood homeomorphic
to R2). For a surface Σ we denote its Euler characteristic as χ(Σ).
For a connected graph G the genus g(G) of G is the minimum genus of
an orientable surface such that G is embeddable in it. We similarly define the
demigenus g˜(G) for non-orientable surfaces. There exists closed formulas for
the genus and demigenus of bipartite complete graphs [Rin65a, Rin65b]:
Theorem 3. If m,n ≥ 2 then:
g(Km,n) =
⌈
(m− 2)(n− 2)
4
⌉
.
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If m ≥ 3 and n ≥ 3, then:
g˜(Km,n) =
⌈
(m− 2)(n− 2)
2
⌉
.
Let D be a drawing of a connected loopless graph G in a surface Σ. We make
no distinction between the elements of the graph and their representations in
D.
Let e be an edge of G whose ends are v and w. A local rotation piv around
v is a cyclic permutation of the edges incident with v. An embedding scheme of
G is the pair ({piv}v∈V (G), λ), where λ is a signal function on the edges of G.
We may recover an embedding scheme of G from a embedding of G.
The following Theorem relates the embedding schemes of a graph with cel-
lular embeddings on surfaces.
Theorem 4. Every cellular embedding of a graph connected G is uniquely de-
termined, up to homeomorphism, by its embedding scheme.
The version of this theorem restricted for orientable surfaces is known as the
Heffter-Edmonds-Ringel rotation principle [Hef91, Edm60, Rin74]. This version
was made explicit by Ringel [Rin77] in the 50s and the first formal proof of it
was published by Stahl [Sta78].
It happens that Z(p) is the lower bound for the number of crossings of
duplicates in the plane, as shown by the next lemma.
Lemma 5. [CRS13] Let D be a drawing in the plane of the graph consisting of
two vertices u and v joined by m edges so that u and v have the same clockwise
rotation in D. Then D has at least Z(m) crossings.
Let D and D′ be two good drawings of a connected graph G in a surface Σ.
We say that D and D′ are isomorphic if there is an homeomorphism of Σ to
itself taking D into D′. For the purpose of finding optimal drawings, it suffices
to consider only the isomorphism classes of good drawings of G, as the drawings
in the same class have the same crossing number.
Let D be a good drawing of a loopless connected graph G. The flattening
of D is the graph P obtained from G by inserting a vertex of degree 4 at each
crossing in D. Thus, if an edge e is crossed k times, e is subdivided into k + 1
edges.
In the remainder of this article, we show that there exists only finitely many
(up to isomorphism) good drawings of a connected graph G in any surface Σ
(Theorem 8). This proof works in two steps. We first show that there exists
only finitely many flattenings arising from good drawings of G in Σ. Afterwards,
for a particular flattening P of G, we show that there exists only finitely many
(up to homeomorphism) embeddings of P in a surface Σ.
Let flat(G,Σ) be the set of all flattenings (up to graph isomorphism) of G
arising from good drawings of G in Σ.
Lemma 6. For any graph G and surface Σ, flat(G,Σ) is finite.
3
Proof. Let D and D′ be good drawings of G in Σ. Let P and P ′ be their
flattenings. Let X and X ′ be the set of pairs of edges that cross in D and D′,
respectively. Thus, for every element of X we have an associated vertex of P .
Similarly for X ′ and P ′.
Let e be an edge of G whose ends are u and v. Suppose f and h are two
distinct edges that cross e in G and that e is ordered from u to v in D. Let x
be the intersection point of e and f in D. Likewise, let y be the one for e and h.
If x precedes y in D[e], then we say that f ≺e h. Likewise, let ≺
′
e be the order
of the edges crossing e obtained from D′. Note that, for a particular crossing x
between edges e and f in D the neighborhood of the vertex arising from x in P
depends only on the order of the crossing in both e and f .
Now, suppose that X = X ′ and that for every edge e of G, the orders ≺e and
≺′e are the same. Thus, there exists a natural isomorphism between P and P
′
such that every vertex x of P , arising from a crossing, is mapped to the vertex
x′ in P ′ arising from the crossing of the same pair of edges in D′. Therefore a
flattening is characterized by the pairs of edges that cross and the ordering of
the crossings on the edges of G in a good drawing.
As good drawings of G have only finitely many possible crossings (at most
one for each pair of edges), we conclude that there exist only finitely many (up
to graph isomorphism) flattenings arising from good drawings of G.
In short, the isomorphism classes of good drawings of G are homeomorphism
classes of elements of flat(G). For our purposes, it suffices to show that, for a P ∈
flat(G), there exist only finitely many homeomorphism classes of embeddings of
P .
Lemma 7. For a loopless connected graph P embeddable in a surface Σ, there
exist only finitely many (up to homeomorphism) embeddings of P in Σ.
Proof. Let R be a embedding scheme of an (possibly non-cellular) embedding
Π of P in Σ. We note that there can be many distinct non-cellular embeddings
of P with R as its embedding scheme.
The embedding scheme uniquely determines (up to homeomorphism) a cellu-
lar embedding Π′ of P in a surface Γ with R as its embedding scheme (Theorem
4). One may see Γ as the surface obtained from Σ by capping off all the faces of
Π with disks and thus removing the handles and crosscaps in these faces. Thus
χ(Σ) ≤ χ(Γ) with equality if and only if Π is cellular.
Attaching an appropriate number of handles/cross caps to faces of Π′ in
Γ will result in an embedding of P in a surface Σ′ with the same embedding
scheme R. If Σ and Σ′ have the same number of handles/crosscaps, then Σ is
homeomorphic to Σ′. We show that there are only finitely many ways to attach
handles and crosscaps to the faces of Π′ in Γ to obtain Σ.
Let Q be the set of facial walks of Γ and Q∗ a partition on Q. For a given
part T in Q∗ of size k we can attach any surface Ω with k holes into disks cut
from each face of T in Γ. This operation results in a surface of Euler genus
χ(Γ) + χ(Ω). Thus χ(Ω) is bounded as a function of χ(Σ) which implies that
there are finitely many possible surfaces we can attach. This, combined with the
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finiteness of Q, and thus Q∗, shows that there are only finitely many possible
embeddings of P in Σ.
It is clear, by the construction above, that any embedding of P in Σ with
rotation system R can be obtained from Π′ by adding the appropriate numbers
of handles and cross caps to the faces of Π′ in Γ. Moreover, we showed that
there are only finitely many ways to do that. With this, we conclude that
there are only finitely many (up to homeomorphism) embeddings of P with
rotation scheme R in Σ. We note that there are only finitely many (up to
homeomorphism) possible rotation schemes for P . Thus, overall, there exists
only finitely many embedding of P in Σ.
Theorem 8. For any connected graph G and any surface Σ, there are only
finitely many (up to drawing isomorphism) good drawings of G in Σ .
3 Bounding the q-side
Proof. (of Theorem 2) We may assume that p ≥ 3.
We first note that, for vertices i and j of the p-side, if the edges iv and jw of
Kp,q cross in D, then there exists a 4-cycle that self-crosses in D at least once.
Indeed, as the graph is Kp,q the edges iw and jv are also in Kp,q and together
with iv and jw induce a 4-cycle.
For each pair of vertices u and v of the q-side, we define a function fuv on the
pair i and j of the p-side such that fuv(i, j) = 1 if the 4-cycle of Kp,q induced
by {i, j, u, v} crosses itself in D, and fuv(i, j) = 0 otherwise. We note that the
set of all possible such functions has size k = 2(
p
2
); therefore it is finite.
Let r be an integer such K3,r is not embeddable in Σ (see Theorem 3). Let
Kq be a complete graph such that its vertex set is the q-side of Kp,q. We color
each edge uv of Kq with “color” fuv. By Ramsey’s Theorem, there exists a
function R := Rk(r) such that if q ≥ R, then every k-edge-coloring of Kq with
colors 1, 2, . . . , k contains a monochromatic copy of Kr. Let f be the color of
this Kr. Note that R is a function of r and k and both depend only on Σ and
p, respectively.
Now let us define a graph G whose vertex set is the p-side. We join i and
j in G if f(i, j) = 0. This means that ij ∈ E(G) if for any u, v ∈ V (Kr) the
4-cycle induced by {u, v, i, j} in Kp,q does not self-cross in D. If there exists a
triangle in G, then there exists a drawing of K3,r as a subdrawing of D without
crossings, which cannot happen by the choice of r. Thus G is triangle-free.
Tu´ran’s Theorem implies that G has at most (p2/4) edges. Thus, there are at
least
(
p
2
)
− (p2/4) = Z(p) pairs of vertices of the p-side that each contribute at
least one crossing in D. Therefore, for any pair of vertices u and v of Kr, we
have that crD(u, v) ≥ Z(p).
4 Finite number of drawings
Proof. (of Theorem 1) Theorem 2 implies that there is a number F (p,Σ) such
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that if q > F (p,Σ), then there exist distinct vertices u, v such that crD(u, v) ≥
Z(p). Let D(p,Σ) consist of all the good drawings in Σ ofKp,q with q ≤ F (p,Σ).
Theorem 8 is finite.
For any drawing D of Kp,q with q > F (p,Σ), we can successively delete
u1, u2, . . . , uq−F (p,Σ such that, for each i = 1, 2, . . . , q−F (p,Σ), there is a vertex
vi in Kp,q − {u1, . . . , ui−1} such that crD−{u1,...,ui−1}(ui, vi) ≥ Z(p).
The drawing D − {u1, . . . , ui−1} is in D(p,Σ). Now reinserting ui to be a
duplicate of vi (in the order uq−F (p,Σ), . . . , u2, u1}) produces a drawing D
′ of
Kp,q such that cr(D
′) ≤ cr(D), as required.
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